Abstract: This paper presents a new algorithm for image segmentation problem using the concepts of Euler graphs in graph theory. By treating image as an undirected weighted non-planar finite graph (G), image segmentation is handled as graph partitioning problem. The proposed method locates region boundaries or clusters and runs in polynomial time. Subjective comparison and objective evaluation shows the efficacy of the proposed approach in different image domains.
Introduction
Image segmentation can be treated as a graph partitioning problem which is solved by making use of cuts in a weighted graph based on certain criterion. The proposed method deals the image segmentation problem in a diverse manner. An excellent review for image segmentation is available in [8] , [9] , [15] . Earlier approaches to image segmentation are categorized into three groups: (1) Cluster the low level feature, such as histogram thresholding by [14] , k-means / k-centroid by [12] , [27] and mixture of Gaussians (MoG) by [2] , (2) Edge linking such as dynamic programming by [26] , relaxation approach by [16] and saliency network by [25] and (3) Region operations, such as region splitting and merging by [24] , [23] , region growing methods by [3] and by [13] , by [17] , by [11] and region competition by [20] . Applications of segmentation are abundant. It is heavily used in medical imaging. For example, segmentation of internal brain nuclei in MRI images as discussed in [38] . This work is aimed to bring robust image segmentation using graph theoretic concepts like Euler graphs and cycles. The proposed method finds the cycles of a given graph so that the image regions are formed by connecting all relevant pixels together. The relevancy of pixels is determined based on two parameters namely, edge weight similarity and node label similarity, which are described in the subsequent sections. The algorithm may end up at a particular stage when there is no possibility of refinement due to constraints imposed on cycle formation. Such paths are tried for further refinement. If the refinement is not possible then those paths are treated as open paths and may be treated as cuts. All the procedures of the proposed method run in polynomial time. The rest of the paper is organized as follows. In Section 2, a brief review on graph based segmentation is discussed. The basic definitions related to Euler graphs and some of its properties are presented in Section 3. In Section 4, the proposed algorithm and the experimental results are presented. Section 5 concludes the work. 316 T.N. Janakiraman, P.V.S.S.R. Chandra Mouli
Theorem 4. A non-empty connected graph is Eulerian if and only if it has no vertices of odd degree.
Corollary: A connected graph has an Euler trail if and only if it has at most two vertices of odd degree.
Extraction / Development of Euler graphs from non-Euler graphs
If a graph does not have an Euler circuit, it still might be interested in knowing how it could be traveled with as few retraced edges as possible (starting and ending at the same vertex). Eulerian can be obtained in two ways. (i) By adding one spurious multiple edge which joins two adjacent odd degree vertices and (ii) By deleting the edges joining two adjacent odd degree vertices.
Proposed Method
The Euler graph and its properties are exposed in this work for solving image segmentation problem. The basic idea is that Euler graph is decomposed into edge disjoint cycles. The steps of the proposed method are given below: § ¤ Step-1: Representation of image as a grid graph
Step-2: Conversion of grid graph into Eulerian
Step-3: Segmentation Procedure
Step-4: Refinement of segments ¦ These stages are discussed in detail in the following sub-sections.
Representation of Image as a Grid Graph
The image to be segmented is represented as a graph G(V, E). To do so, each pixel is treated as a vertex of the graph. Edges are defined based on 8-connectivity of the neighborhood vertices. An edge 
The graph thus formed is visualized as a grid and hence called as grid graph. A sample grid graph of size  ×  is shown in Figure 1 . The weights are assigned to the edges by using the absolute intensity difference between the adjacent pixels. 
Conversion of Grid Graph into Eulerian
The grid graph thus obtained is a connected non-Eulerian because some of the vertices have odd degree. The procedure for the conversion to Eulerian guarantees the formation of cycles covering all edges since all the vertices are of even degree. Border vertices are the vertices on the first row, last row, first column and last column. For this reason, the grid graph can be converted to Eulerian so that all vertices have even degree. This can be achieved in two ways. In the first case i.e., by adding one extra multiple edge for each of disjoint pair of adjacent odd degree vertices. The same weight is allocated to both duplicated and original edge to avoid ambiguity. The process is repeated until no such pair exists. In Figure 2 In the second case, instead of adding duplicate edges to the pair of adjacent vertices of odd degree, alternate edges are removed at the boundary to maintain even degree. It is found that there is no loss of information from images by removing such edges because all the edges removed are due to border vertices. In practice, there is not much information available at the border vertices and experimentally it is found that there is no variation in the segments formed in either way.
Segmentation Procedure
Once the given image is represented as Eulerian, the segmentation procedure is carried out over the Eulerian. The algorithms for image segmentation and segments_formed are given below. The algorithm uses a color structure which labels the edges as given below:
• Initially all edges are in WHITE color
• A visited edges is in GRAY color
• An edge in BLACK color indicates that it is a part of the boundary of a region.
The BLACK colored edges are marked permanently so that they are not considered for refinement. Only WHITE and GRAY colored edges are subjected for refinement. The criteria that is imposed on every edge to form a segment is defined in Equation (1). The Equation (1) refers to the difference of the maximum and minimum vertex labels in the cycle formed. In this case, it is used as the difference of the maximum and minimum vertex labels in the temporary_growing_vector.
The algorithm starts by randomly choosing a white colored edge. At the first execution, the edge chosen is included directly in the temporary_growing_vector. Since a cycle cannot be formed with one edge, line 4 is executed where the algorithm tries to choose a white colored edge adjacent to the previously chosen edge. The edge is selected based on the threshold criteria. If no minimum weighted, white colored adjacent edge is available then, the algorithm backtracks to its parent and searches for another minimum weighted white colored adjacent edge. If it finds, then the last included edge in the temporary_growing_vector is removed since the algorithm could not traverse from that edge and adds the newly selected edge into temporary_growing_vector. Line 3 of the algorithm checks for any cycle in temporary_growing_vector. To check this, BFS algorithm is used. Each cycle is treated as one region. If cycle is formed, then the closed path is stored in cycles_formed vector. The edges of the closed path are colored black indicating that they are boundary vertices. These edges are not chosen for forming any other cycles. The edges present inside the region are colored gray. These edges may be used for forming cycles once the white colored edges are exhausted. This will help in avoiding self overlapping region formation that means that the traversal starts from an internal edge and traverses to outside the region is termed as self overlapping. Self overlapping is avoided at the initial stage in order to get maximum number of non-overlapping regions but it is carried out in region refinement stage, if necessary.
During the execution of the algorithm, if it chooses a white colored edge outside any region and on its traversal, overlaps the existing region, then it is allowed because the internal edges of one region act like boundary edges of another region.
Another possibility during the traversal is that the temporary_growing_vector may not grow further because no further edge satisfies the criteria at any level (neither at the current edge nor at any of its parent edges), then the temporary_growing_vector stops traversing. By nature, Eulerian guarantees cycle formation but due to the threshold criteria, it may not form cycles all the cases. In such case, the temporary_growing_vector contains an open path and such paths are stored separately in open_paths vector.
In this way, the algorithm tries to traverse until it covers all vertices. This completes the first stage where, it induces an initial segmentation of image.
Refinement of Regions Formed
At this stage, all the edges are labeled to either gray or black. Refinement of black colored edges is not possible because they represent the boundaries of the regions already formed. The gray colored edges are subjected for refinement. The same procedure is used to form regions by choosing any randomly selected gray colored edge and for further traversals.
In this way, the algorithm tries to refine the segmentation for regions formation. Too much of refinement leads to over segmentation and no refinement leads to under segmentation. A moderate level of refinement is necessary. This is controlled by threshold selection.
Experimental Results
The proposed method is tested on standard Berkeley Image database. Two trivial synthetic images have been created and tested the algorithm on them. The results of the two synthetic images and the corresponding results are shown in Figure 3 . The results presented in Figure 3 are the induced segmentations obtained before refinement process. In Figure 3 , (a) and (c) are the two synthetic images created and the corresponding segmentations are shown in (b) and (d). These two synthetic images are created in such a way to study the behavior of the algorithm in open_paths case. As mentioned in the algorithm, the temporary_growing_vector stops traversing when there is no suitable edge satisfying the criteria. In such case the path is not closed and hence it is stored in open_paths vector. In Figure 3b , the segmentation result shows two open_paths 320 T.N. Janakiraman, P.V.S.S.R. Chandra Mouli (cross lines). The two different ends of the two open_paths are adjacent to one region formed. Thus, segmentation output gives a visualization that there are two closed regions labeled 1 and 2; and three open regions labeled 3, 4 and 5. In Figure 3d , the segmentation output shows two open_paths for which no end is adjacent to any other region. The four open regions formed by the two open_paths are labeled 1,2,3 and 4 in Figure 3d . After applying the refinement procedure, the segments obtained are shown Figure 4 : Segmentation results-II of synthetic images in Figure 4 . In Figure 4b , the segmentation output shows five regions labeled. Similarly in Figure 4d , there are 4 closed regions. The refinement process, in these cases, tried to get closed regions and in that process lead to over segmentation. This may be true in real images also. Hence, the refinement procedure is executed depending on the user's choice. The results of some real images taken from Berkeley Image database are shown in Figure 5 . In Figure 5 , the first and third columns represent the original image and second and fourth columns represent the segmentation result obtained. The proposed algorithm is executed on the 100 images in the database. The results of 50 images have been tabulated in Table 1 . From the table, the following observations have been made. It is observed that those images having uniform background or average intensity range obtained best results; images having overlapping of objects or having complex structures, the statistical results are almost equivalent to the other existing methods chosen for comparison and for those images having high overlapping of objects or very dark images which cannot be visualized perfectly with the human eye, the proposed method could not segment the images and the statistical results revals that the F-measure for such images for the existing methods is better compared to the proposed method. The graphical representation of the results is shown in Figure 6 respectively. Image Segmentation using Euler Graphs 
Conclusion
In this paper, a novel algorithm for segmenting an image into different regions using Euler graphs has been proposed. The algorithm starts by randomly choosing an edge and tries to form closed regions.
In cases, open paths are formed. The color look up table is used for edges to trace their transition. A white color indicates unvisited edge, a gray color indicates visited and may go for refinement and black color indicates visited and marked permanently for no refinement since it is already a part of a region boundary. The procedures discussed run in polynomial time. The MST and cycles method performs better compared to Euler Graph method in terms of precision, recall and F measures.
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